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Trigonometry

Squares and Triangles

A triangle is a geometric shape with three sides and three angles. Some of the differ

types of triangles are described in this Unit.

A squareis a four-sided geometric shape with all sides of equal length. All four angle

/\

AN

are the same size.

An isosceledriangle has two sides that are the
same length, and the two base angles are equal.

All the sides of arequilateraltriangle are the
same length, and the angles are6éfi.

A scalendriangle has sides that all have different
lengths, and has 3 different angles.

Worked Example 1

Find the area of the square shown in the diagram.
Solution
Area =4 x4

=16 cm?

Exercises

1. For each triangle below, state whether gdaleneisoscelesr equilateral

(a) (b)
Ji \ A
8cm

4 cm
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(©) i i (d)
2cm 2cm
- o™

2cm

(e) - G

(9) (h)

3cm

5cm

3cm

(& When a square is cut in half diagonally, two triangles are obtained. Are
these triangles scalene, isosceles or equilateral?

(b)  What type of triangle do you get if you cut a rectangle in half diagonally?

Find the area of each square below.

(a) (b)
5cm 7cm

5cm 7 cm

(©) (d)
lcm
10 m Tem

10 m
Find the areas of the squares with sides of length:
@ 2m (b) 100m (c) 15cm (d) 17cm

Find the lengths of the sides of a square that has an area of:

(@ 9cm? (by 25m? (c) 100 m?
(d) 64cm? (e) 1lcm? (f) 400 m?
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6. Two squares of side 4 cm are joined together to form a rectangle. What is the
of the rectangle?

7. A square of side 12 cm is cut in half to form two triangles. What is the area of
triangle?

8. A square of side 6 cm is cut into quarters to form 4 smaller squares. What is th
area of each of these squares?

Pythagoras' Theorem

Pythagoras' Theorem gives a relationship between the lengths of the sides of a right
angled triangle. For the triangle shown,

a’=b%+c? a

Note

The longest side of a right angled triangle is called
thehypotenuse

Worked Example 1

4 cm
Find the length of the hypotenuse of the triangle

shown in the diagram. Give your answer correct to

2 decimal places. 6.cm

Solution

As this is a right angled triangle, Pythagoras' Theorem can be used. If the length of t
hypotenuse ig,then b=4 and c = 6.

So a® =b*+ ¢’
a2 — 42+ 62
a’ =16 + 36
a® =52
a =+52
=7.2cm (to one decimal place)

Worked Example 2

6 cm
Find the length of the side of the triangle marked

in the diagram.

) 3cm
Solution

As this is a right angled triangle, Pythagoras' Theorem can be used. Here the length
the hypotenuse is 6 cm, se=6cm and ¢ =3 cm with b = x.

area

each

e

of
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So a® =b’+¢c?
6> = x>+ 3
36 =x*+9
36-9 =x°
36-9 =x°
27 =x°
N27 = x
x =52 cm (to one decimal place)
Exercises
1. Find the length of the side marketh each triangle.
(a) (b)
X
am X 5cm
12 cm
3m
(€) (d)
15cm 26 m
X 10
X
12 cm
6 cm
(e) X () 7
6m 8m
X 10 cm
(9
(h) 36cm
20m 25 m
X 15cm
o\
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Find the length of the side marketh each triangle. Give your answers correct tc

2 decimal places.

(a) (b)
7 cm X
11cm
©) aem (d)
X 8cm
(e) )
« 10 cm
7cm
(9) 5m (h)
6 X
(i) - )
18 ¢ 10 cm
(k) X 0)
9.4 m
46m

120

15cm

14 cm

7m

5m

8cm

12 cm

2m

12 m

3.3 m

7.8 m
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(m) (n)
8.9cm

5.2cm

Adam runs diagonally across a school field,
while Ben runs around the edge.

(@) How far does Ben run?

(b) How far does Adam run?

(¢) How much further does Ben run than Adam?

A guy rope is attached to the top of a tent
pole, at a height of 1.5 metres above the
ground, and to a tent peg 2 metres from the
base of the pole. How long is the guy rope?

Farida is 1.4 metres tall. At a certain time her shadow is 2 metres long. What i

X
54m
2.3 m
< O
Ben
A
Adam
200 m
120 m

«—2Mm—»

distance from the top of her head to the top of her shadow?

A rope of length 10 metres is stretched from the top of a pole 3 metres high unt
reaches ground level. How far is the end of the line from the base of the pole?

A rope is fixed between two trees that are
10 metres apart. When a child hangs on to
the centre of the rope, it sags so that the
centre is 2 metres below the level of the
ends. Find the length of the rope.

The roof on a house that is 6 metres wide

peaks at a height of 3 metres above the top of

the walls. Find the length of the sloping side
of the roof.

121
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9. The picture shows a garden shed. Find the A

length, AB, of the roof.
B
2.5m T
2m
H -« 2Mm—» l
10. Miles walks 3 km east and then 10 km north.
(@) How faris he from his starting point?
(b) He then walks east until he is 20 km from his starting point. How much
further east has he walked?

11.  Aliis building a shed. It should be rectangular with sides of length 3 metres an
6 metres. He measures the diagonal of the base of the shed before he starts t
up the walls. How long should the diagonal be?

P Q

12.  Pauline is building a greenhouse. The base S
PQRS of the greenhouse should be a 1.4m R
rectangle measuring 2.6 metres by R
1.4 metres. -

26m R

To check the base is rectangular Pauline has
to measure the diagonal PR.

(@)

Calculate the length of PR when the base is rectangulammiysishow all
your working.

When building the greenhouse Pauline finds af§ig>90°.
She measures PR. Which of the following statementag3

(b)

X: PR is greater than it should be.
Y:  PRisless than it should be.
Z:  PRis the right length.
(SEG)

Further Work with Pythagoras' Theorem

Worked Example 1

2cm
Find the length of the side markedih the diagram.

4 cm

4 cm

d
0 put
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Solution

First consider the lower triangle. The unknown
length of the hypotenuse has been masgked

yz =42+ 42 y 4 cm
y?> =16 +16
y?> =32 cm 2o
The upper triangle can now be considered, using the valug for
From the triangle,x?= y*+ 2%, and usingy?= 32 gives 2cm
x> =32+4
x* =36 X
X =+/36 y
X =6cm

Note

When finding the sidg, it is not necessary to fing32, but to simply usey? = 32.

Worked Example 2

Find the value ok as shown on the diagram, and

state the lengths of the two unknown sides. 13m .
Solution

Using Pythagoras' Theorem gives en -

13? = (2x)* + (3x)?
169 = 4x°+ 9x° (since(2x)? = 22x? = 4x?)

169 = 13x*
13 = x?
X =13
=3.61lcm (to 2 decimal places)
Exercises
1. Find the length of the side markedh each diagram.
(a) (b) 4
7 [T
8 5
X X
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(c) X (d) 4
6 10
4 12
3
(e) ()
4 10
¢ 15
2 X
N
2 3
Find the length of the side markeah the following situations.
(a) (b)
X 20 38 ax
1 yA——
X X
© (d) 5
4x
X 4x
20
u
5
Which of the following triangles are right angled triangles?
(a) (b) o (c) (d)
10 26 13 6.5 130
15 6 120
24 25 20

A ladder of length 4 metres leans against a
vertical wall. The foot of the ladder is

2 metres from the wall. A plank that has a
length of 5 metres rests on the ladder, so that
one end is halfway up the ladder.

(@ How high is the top of the ladder?
(b)  How high is the top of the plank?

(c) How far is the bottom of the plank «2m-»
from the wall?
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The diagram shows how the sign that hangs
over a Fish and Chip shop is suspended by a
rope and a triangular metal bracket. Find the
length of the rope.

160 cm

Wall AND Bracket

The diagram shows how a cable is attached | Mast
to the mast of a sailing dingy. A bar pushes --;----
the cable out away from the mast. Find the f

total length of the cable. 80 cm

Bar
------ <«—40 cm—»
240 cm
Cable

: ! Deck
—— 80 cm—»

A helicopter flies in a straight line until it reaches a point 20 km east and 15 km
north of its starting point. It then turns throug®° and travels a further 10 km.

(@ How far is the helicopter from its starting point?

(b) If the helicopter turne®0° the other way, how far would it end up from its
starting point?

A cone is placed on a wedge. The 30 cm
dimensions of the wedge are shown in the
diagram. The cone has a slant height of
30 cm. Find the height of the cone. .
cm

20 cm
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9.  Asimple crane is to be constructed using an

isosceles triangular metal frame. The top of
the frame is to be 10 metres above ground
level and 5 metres away from the base of
the crane, as shown in the diagram. Find
the length of each side of the triangle.

10. A thin steel tower is supported on one side
by two cables. Find the height of the tower
and the length of the longer cable.

11. Anisosceles triangle has two sides of length
8 cm and one of length 4 cm. Find the
height of the triangle and its area.

12. Find the area of each the equilateral triangles that have sides of lengths

(@ 8cm (b) 20cm

Sine, Cosine and Tangent

When working in a right angled triangle, the
longest side is known as thgpotenuseThe other
two sides are known as tbhppositeand the
adjacent. The adjacent is the side next to a
marked angle, and the opposite side is opposite
this angle.

For a right angled triangle, ttsine cosineand
tangentof the angleg are defined as:

§nd = opposite 06 = adjacent
hypotenuse hypotenuse

Sin @ will always have the same value for any particular angle, regardless of the size

the triangle. The same is true foos@ and tané.

126

10 m
“—5 m—»
10m
i 40 m
«—25m—
(c) 2cm
_ Hypotenuse
Opposite

6
Adjacent
tan g = opposte
adjacent

of



MEP Pupil Text 4

Worked Example 1 C

For the triangle shown, state which sides are:
(@) the hypotenuse
(b) the adjacent

(c) the opposite
Solution A\

(a) The hypotenuse is the longest side, which for this triangle is CB.
(b) The adjacent is the side that is next to the afghhich for this triangle is AB.

(c) The opposite side is the side that is opposite the ghghhich for this triangle
is AC.

Worked Example 2

Write down the values o6in6, cos@ and tanf
for the triangle shown. Then use a calculator to
find the angle in each case. 10

Solution

First, opposite = 8 ml 6
adjacent = 6
hypotenuse =10

$ng = opposite oS = adjacent ong = opposute
hypotenuse hypotenuse adjacent

8 - 6 - 8

10 10 6

= 08 = 06 - 4

3

Using a calculator give®) = 53.1° (correct to 1 decimal place) in each case.

Exercises
1. For each triangle, state which side is the hypotenuse, the adjacent and the opy,
(a) (b) (©)
B D H

~

/o

127
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@ K (€) M (f) Q

4

<
N R

0]

For each triangle, writesing, cosf and tanf as fractions.

(a) (b) (c)
3 5 5 13 8 15
2] 0 6
2 3 17

15
(d) RN 74 (e) )
W 12
2 50
2.5 48 ~
12.5 35
0 0
14

Use a calculator to find the following. Give your answers correct to 3 decimal
places.

(& sin30° (b) tan75° (c) tan52.6°
(d)  cos66° (e) tan33° (H  tan4b°
(g) tan37° (h) sin88.2° 0] cos45°
()] cos48° (k)  cos46.7° m sin45°

Use a calculator to fin@ in each case. Give your answers correct to 1 decimal
place.

(@) cosf =05 (b) sné=1 (c) tanB=0.45
(d) sn6=0.821 (e) snB=0.75 ()  cos6 =0.92
(90 tanf=1 (h) snB=05 (i) tanB=2

()] cosf = 0.14 (k) snB=0.26 )] tan@ = 5.25

(@) Draw a triangle with an angle 60°
as shown in the diagram, and measure
the length of each side.

128
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(b) Using

adjacent

sng = _OPPOS te
hypotenuse

_ _ opposite
hypotenuse

adjacent

cosf = tan@

and the lengths of the sides of your triangle, fisd50°, cos50° and
tan50°.

(c) Use your calculator to findsin50°, cos50° and tan50°.

(d) Compare your results to (b) and (c).

6. For the triangle shown, write down expressions for:
(@) cosf b) sina a
X
(c) tan® (d) cosa y
(e) sn@ H tana
/6\

Finding Lengths in Right Angled Triangles

When one angle and the length of one side are know
it is possible to find the lengths of other sides in the 12
same triangle, by using sine, cosine or tangent.

SN

Worked Example 1
Find the length of the side markréh the triangle shown.

20 cm

N

Solution «

In this triangle,  hypotenuse = 20

opposite = x

Choose sine because it involves hypotenuse and opposite.

Using sin@ = L()Slte

hypotenuse
gives sn70° = =X

20
To obtainx, multiply both sides of this equation by 20, which gives

20sin70° = x
or
X =20sin70°
=188 cm (told.p.)

This value is obtained using a calculator.
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Worked Example 2
Find the length of the side markedh the triangle.

Solution Aﬁ

In this triangle, opposite = x
adjacent = 8 metres

Use tangent because it involves the opposite and adjacent.

. opposite
Usin tanf =
g adjacent
gives tan40° = X
8

Multiplying both sides by 8 gives
8tan40° = x
or
X = 8tan40°

= 6.7 metres (to 1 decimal place)

Worked Example 3
Find the length markexin the triangle.
_ 10m
Solution
This problem will involve tangent, so use the other
angle which is90° - 42° = 48°, so thak is the
opposite.
48
Then opposite = x
adjacent =10 metres 10m
and using tanf = M
adjacent
gives tan48° =
10

Multiplying both sides by 10 gives
X =10 x tan48°
=111 metres (to 1 decimal place)

Worked Example 4
Find the length of the hypotenuse, marketh the triangle. 10¢

8m

5

28
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Solution

In this triangle, hypotenuse = x
opposite =10 cm
Use sine because it involves hypotenuse and opposite.

Using sng = LOSHIG
hypotenuse
gives sin28° = %

wherex s the length of the hypotenuse.

Multiplying both sides by gives

Xxsin28° =10,
then dividing both sides bwin28° gives
10
X = —
sin28°
=21.3cm (to 1 decimal place)
Exercises
1. Find the length of the side marketh each triangle.
(a) (b) (c)
8cm <
«| \12cm 25
11 cm
0
1
x /a0
(d  15¢cm (€) 30 . (f)
X
X 18 cm 24 cm

e

(h) (i)

26 cm 60
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(k)
38
16.7 m
X
W (n)
18
15.2 X 12.8m
X

A ladder leans against a wall as shown in

the
(a)

(b)

diagram.

How far is the top of the ladder from
the ground?

How far is the bottom of the ladder
from the wall?

A guy rope is attached to a tent peg and the

top
the

(@)

(b)

()

Ac

of a tent pole so that the angle between
peg and the bottom of the poles®’ .

Find the height of the pole if the peg
is 1 metre from the bottom of the pole.

If the length of the rope is 1.4 metres,
find the height of the pole.

(0)

8.2m

68

Tent

Find the distance of the peg from the
base of the pole if the length of the
guy rope is 2 metres.

hild is on a swing in a park. The highest

position that she reaches is as shown.

Find the height of the swing seat above the

gro

und in this position.
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A laser beam shines on the side of a building. The side of the building is 500 metres

from the source of the beam, which is at an angtsdbfabove the horizontal. Find
the height of the point where the beam hits the building.

A ship sails 400 km on a bearing @5° .
(@ How far east has the ship sailed?

(b)  How far north has the ship sailed?

An aeroplane flies 120 km on a bearing2a0° .
(@ How far south has the aeroplane flown?

(b) How far west has the aeroplane flown?

A kite has a string of length 60 metres. On a windy day all the string is let out and
makes an angle of betwe@0° and 36° with the ground. Find the minimum and
maximum heights of the kite.

Find the length of the side marketh each triangle.

(@) (b) ()
X X
9cm 18 cm
. 48 . 42 /70

10 cm X

@

7m

® [7 12m
2m
f

(e
X
(9) (h ' (i) jx—50
471 26 cm
1.8 m
X @ .

4 cm

)
2
)
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The diagram shows a slide.

(@)
(b)

A snooker ball rests against the side cushion
It is hit so that it moves
at 40° to the side of the table. How far does
the ball travel before it hits the cushion on

of a snooker table.

Find the height of the top of the slide.

Find the length of the slide.

the other side of the table?

Find the length of the dotted line and om 1
|
|

50%

(@)

(b)

The wire makes an angle 85° with the
ground. Calculate the height of the pole

A wire 18 metres long runs from the top of a
pole to the ground as shown in the diagram. 18 m
Give your answer to a reasonable degree of 35 [l

the area of this triangle.

Find the height of the triangle below and then find a formula for its area i

terms ofaand 6.

Steps

accuracy.
(NEAB)

In the figure shown, calculate

(@)
(b)

the length of BD.
the length of BC.

(NEAB)

134
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Finding Angles in Right Angled Triangles

If the lengths of any two sides of a right angled
triangle are known, then sine, cosine and tangent
can be used to find the angles of the triangle. 18 cm

Worked Example 1

10 cm
Find the angle marke@ in the triangle shown.
Solution
20 cm
In this triangle,  hypotenuse= 20 cm 14-em
opposite =14 cm
; l 0

Using sin@ = LOSIIG

hypotenuse
gives sin@ = 14

20

=0.7

Then using the] SHIBT ar{d SIN buttons on a calculator gvest4.4° (o 1 d.p.)

Worked Example 2

Find the angle marke@ in the triangle shown.

Solution
In this triangle, opposite= 25 cm
adjacent= 4 cm
25cm
Using tang = M
adjacent 3 6
o5 4 cm
gives tan6 =—
4
=6.25
Using a calculator gives 6 =80.9° (to1d.p.)
Exercises
1. Find the anglé of:
() (b) (c)
10m 20 cm
8m 6 cm
ul 6 0 6 0[O\

2cm 5cm
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(d) 14 cm (€) - (0 /
0 H 9
22 m
15cm
8m
i
7m
(9) (h) ()
£
o 7
9m
S 48 mm 0.7m 0.5m
ﬁ 12m
/0
i 0.9cm K |
()] (k) 122m 0 65 m

v e/ )
8.7m
3.6cm 3 151 m

¥

A ladder leans against a wall. The length of
the ladder is 4 metres and the base is 2 metres 4
from the wall. Find the angle between the
ladder and the ground.
2m

As cars drive up a ramp at a multi-storey car / \

park, they go up 2 metres. The length of the

ramp is 10 metres. Find the angle between 10 2m
the ramp and the horizontal. / i

A flag pole is fixed to a wall and supported by
a rope, as shown. Find the angle between

(@ the rope and the wall

(b)  the pole and the wall.
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The mast on a yacht is supported by a number of wire ropes. One, which has a

length of 15 metres, goes from the top of the mast at a height of 10 metres, to {
front of the boat.

(&) Find the angle between the wire rope and the mast.

(b) Find the distance between the base of the mast and the front of the boat.

A marine runs 500 metres east and then 600 metres north. If he had run direc
from his starting point to his final position, what bearing should he have run on?

A ship is 50 km south and 70 km west of the port that it is heading for. What
bearing should it sail on to reach the port?

The diagram shows a simple bridge, which is supported by four steel cables.
(@ Find the angles atr and S.
(b) Find the length of each cable.

6m

tly

PR S —" o S PE— e E——— Y —

4m

Arope has a length of 20 metres. When a boy hangs at the ce,
centre is 1 metre below its normal horizontal position. Find the any
rope and the horizontal in this position.

ABC is a right angled triangle. AB is of
length 4 metres and BC is of length
13 metres.

(a) Calculate the length of AC. 13m
(b) Calculate the size of angle ABC.

(LON)
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11. The diagram shows a roofing frame ABCD.
AB=7m, BC=5m, angle ABD = angle DBC = 90°

D

3m

[
A 7m B 5m c

(@) Calculate the length of AD.

(b) Calculate the size of angle DCB.
(MEG)

Mixed Problems with Trigonometry

When you lookup at something, such as an aeroplane, the angle between your line of
sight and the horizontal is called thegle of elevation

Angle of elevation

Similarly, if you lookdownat something, then the angle between your line of sight and
the horizontal is called thengle ofdepression.

Angle of depression
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Worked Example 1

A man looks out to sea from a cliff top at a height of 12 metres. He sees a boat that
150 metres from the cliffs. What is the angle of depression?

Solution

The situation can be represented by the triangle shown in the diagram,6nisettes
angle of depression.

150 m

In this triangle, opposite = 12 m
adjacent =150 m

Using tang = ogoﬂe
adjacent
gives tanf = 12
150
=0.08

Using a calculator give® = 4.6° (to1d.p.)

Worked Example 2

A person walking on open moorland can see the top of a radio mast. The person is 200

metres from the mast. The angle of elevation of the top of the nfafst What is the
height of the mast?

Solution
The triangle illustrates the situation described.
In this triangle, opposite = X
adjacent =200 m X
. opposite
Usin tand = ———
g adjacent 0 3
200 m
. X
gives tan3° = —
200
Multiplying both sides by 200 gives
x =200 x tan3°

=10.5 metres (told.p.)
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In order to find the height of a tree, some
children walk 50 metres from the base of
the tree and measure the angle of elevation
as10°. Find the height of the tree.

- 50m—»

From a distance of 20 metres from its base, the angle of elevation of the top of
pylon is 32°. Find the height of the pylon.

The height of a church tower is 15 metres. A man looks at the tower from a
distance of 120 metres. What is the angle of elevation of the top of the tower fr
the man?

A coastguard looks out from an observation tower of height 9 metres and sees

boat in distress at a distance of 500 metres from the tower. What is the angle o

depression of the boat from the tower?

A lighthouse is 20 metres high. A life-raft is drifting and one of its occupants
estimates the angle of elevation of the top of the lighthou8é.as

(&) Use the estimated angle to find the distance of the life-raft from the
lighthouse.

(b) If the life-raft is in fact 600 metres from the lighthouse, find the correct an
of elevation.

A radio mast is supported by two cables as
shown. Find the distance between the twogg 1,
points A and B.

: 60° 50
B A
A man stands at a distance of 8 metres from 7
a lamppost. When standing as shown, he _- ’;3/‘\
measures the angle of elevation348. y £
Find the height of the lamppost. 1-f m

Find the unknown lengtkx)(in each

diagram.
a b
(@) (b) e
X
L [

«35mre—8m—— 4m

a

om

=

gle
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(c) (d)
(T ]
10 m
X 6m
60", | i 28° i
«3Mre—a4m—+»<e—a4m—» -« X—»
From his hotel window a tourist has a clear

view of a clock tower. The window is
5 metres above ground level. The angle
of depression of the bottom of the tower is

5° and the angle of elevation of the top of

the tower is7°. _7_°5 ___________
(@ How far is the hotel from the tower?
(b) What s the height of the tower? ° im

A radar operator notes that an aeroplane is at
a distance of 2000 metres and at a height of
800 metres. Find the angle of elevation.

A little while later the distance has reduced
to 1200 metres, but the height remains 800
metres. How far has the aeroplane moved?

2000 m
800 m

The diagram represents a triangular roof
frame ABC with a window frame EFC.
BDC and EF are horizontal and AD and FC 1.8m
are vertical. 14.4m E F

(@) Calculate the height AD.

(b) Calculate the size of the angle X° 75
markedx® in the diagram.

(c) Calculate FC.

D
2.4 m»

(MEG)

Two ships B and C are both due east of a
point A at the base of a vertical cliff. The

cliff is 130 metres high. The shipatCis 130
350 metres from the bottom of the cliff.

33

(@) (i) Calculate the distance from the
top of the cliff to the ship at C.

e
o8]
(@)

- 350m——>
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(i) Calculate the angle of depression from the top of the cliff to the ship &

(b) The angle of elevation of the top of the cliff from the ship at 83fs
Calculate the distance AB.

(SEG)
Sine and Cosine Rules
A
In the triangle ABC, the side opposite angle A has
lengtha, the side opposite angle B has lengtnd
the side opposite angle C has length b c
Thesine rulestates
snA _sinB _sinC C a B
a b c
Proof of Sine Rule
A If you construct the perpendicular from vertex A ta
| meet side CB at N, then
|
b | c AN =csnB (fromA ABN)
| =bsinC (fromA ACN)
:m Hence
C B . .
N @ csinB = bsnC0O snB :_smC
b C
- sinA
similarly for .

Thecosine rulestates

a’ =b?+ c? - 2bccosA
b? = c?+ a®- 2cacosB

c¢® = a’+ b?- 2abcosC

Proof of Cosine Rule

If CN = x, then NB=a - x and

c® =AN?+(a-x)® when x =CN
=(bsinC)’ + (a - bcosC)?, since x =bcosC

= b?sin?C + b? cos® C- 2abcosC + a°

= bz(sin2 C + cos’ C) + a? - 2abcosC

ie. ¢? =b%*+ a?-2abcosC, since sSin’C + cos’C =1

at C.
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B
Worked Example 1
Find the unknown angles and side length of the
triangle shown.
21c 3.5¢cm
Solution
Using the sine rule,
sinA _sin70° _ sinB c 70
2.1 35 b b
From the first equality,
snA = 21x8n70° _ o eag
35
A =34.32°
Since angles in a triangle add upl&0°,
B =180°- 70°- A = 75.68°
From the sine rule,
sin70° _ snB
35 b
b = 35xsnB
sin70°
_35xd8n75.68°
sin70°
=3.61cm
Worked Example 2
Find two solutions for the unknown angles and
side of the triangle shown. B
Solution
Using the sine rule,
SnA _sinB _ sin42° 5cm a
a 6 5
From the second equality,
i ° 42
gnBzmzolgog() A
5 6 cm

A graph of sinx shows that betwee®® and 180° there are two solutions for B.

1
4
0.8030- &0

> X
180\/
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These solutions ard3 = 53.41° and, by symmetryB =180 - 53.41

=126.59°
Solving for angle A we have
A =180°-42°-B

when B =53.41°, A =84.59°
when B =126.59°, A =11.41°
From the sine rule,
6 x sinA
a=———
sinB
For A =8459°, B=5341°, a=7.44cm
For A =11.41°, B =126.59°, a=1.48cm

Worked Example 3

Find the unknown side and angles of the triangle
shown.

Solution
To find a, use the cosine rule:
a? =377+ 4.9°- 2 x 3.7 x 4.9 x cos65°

a? =22.3759
a =473 (to2d.p.)

To find the angles, use the sine rule:

sin65° _snB _sinC

a 49 3.7
SnB = 4.9 x Sn65 _ 4.9 x Sn65 — 0.9389
a 473
B =69.86°
§nC = 3.7 x Sin65 _ 3.7 X sin65 — 0.7090
a 473

C =45.15° (alternatively, usé + B + C =180° to find C)

Checking, A + B + C = 65°+ 69.86° + 45.15°=180.01°. The three angles should add t
180°; the extra0.01° is due to rounding errors.

Exercises

1. For each of the triangles, find the unknown angle maéked

(@) @’ (b)
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() (d)

4.2 >.1

(f)

11.2

For each triangle, find the unknown side mar&gedor c.

(d)

110 55

7.9

For each of the triangles, find the unknown angles and sides.
(a) (b) A

14.9

C 5.4

(©)
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Which of the following triangles could hatgo solutions?

(@) &
8.7
(© 11
_ 12
'

(b)

/0N
17.9
/o>
11.4
10

Find the remaining angles and sides of the triangle AB@ it 67°, a =125 and

¢ =100.

Find the remaining angles and sides of the triangle ABB # 81°, b =12 and

c =11

For each of the following triangles, find the unknown angles and sides.

(b)
B
a
3
150
A 15 <
() B (d) A
2.1 3.2 5 7.8
A B C
11.2
4.3 C
A
(e) ® 4.7
A C
30
8.9 b 6.1
c
B 55 C B
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To calculate the height of a church tower, a
surveyor measures the angle of elevation of
the top of the tower from two points 50
metres apart. The angles are shown in the
diagram.

(a) Calculate the distance BC.

(b) Hence calculate the height of the
tower CD.

The angles of elevation of a hot air balloon
from two points, A and B, on level ground,

are 24.2° and 46.8°, respectively.

The points A and B are 8.4 miles apart, and

the balloon is between the points in the same

vertical plane. Find the height of the balloon

above the ground. A B

<+ 84 miles—*

The diagram shows a crane working on a
wharf. AB is vertical. 11.4m

(@) Find the size of angle ABC.

(b)  Find the height of point C above the ﬁ
wharf.

A

The rectangular box shown in the diagram has dimensions 10 cm by 8 cm by €
Find the angled formed by a diagonal of the base and a diagonal of the 8 cm by
6 cm side.

6 cm

L - - - — —

8cm
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(a) Calculate the length KB.
(b) Calculate the size of the angle NKB.
(LON)

14 ¢

N

Nottingham is 40 km due north of Leicester.
Swadlincote is 32 km from Leicester and 35
km from Nottingham. Calculate the bearing
of Swadlincote from Leicester.

(MEG)
Swadlincot

In triangle ABC, AC =12.6 cm,

BC =11.2 cm and angleB = 54°. The

lengths AC and BC are correct to the

nearest millimetre and angle B is correct

to the nearest degree. Use the sine rule
snA _snB

a b

to calculate the smallest possible value of
angle A.

(MEG)

21 cm

35 km

32 km

Nottingham
A

North

|

40 km

v
Leicester

The banks of a river are straight and
parallel. To find the width of the river,
two points, A and B, are chosen 50 metres

apart. The angles made with a tree at C on\w\fj

the opposite bank are measured as angle
CAB =56°, angleCBA =40°. Calculate

the width of the river.
(SEG)
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16. IntriangeABC, AC=7.6 cm, angle
BAC=35°, ange ACB=65°. The
length d AB is x cm. The size of angle
ABC is 6°.

(@ Write down the value 06.

(b) Hence calculate the value xf

(NEAB)
o

Angles Larger than 90
Thex - y plane is divided into four quadrants by X
thex andy axes The anglef that a line OP
makes with the positive-axis lies betwer 0° SECOND FIRST P
and 360°.

6 > X

THIRD FOURTH

Angles betwee 0 am 90° are in thdirst quadrant.
Angles between 90° ard 180° are in thesecondquadrant.
Angles betwee 180° and 270° are in thethird quadrant.
Angles betwer 270° and 360° are in thefourth quadrant.

Angles bigger tha 360° can be reduced to lie betwe8° ard 360° by subtracting

multiples d 360°.

The trigonometric formulgecosfand sinf, are

defined for all angles betwed® arnd 360° as the
coordinates of a poinE, where @ is a line of P 1
length 1, making an angle with the positive

0

2

X-axis.

Information

\
x

TheGreeks (in their analysis of theras of cicles) wee the first to establish thelation-
ships or ratios between the sides and the angles of a right angled triangle.
TheChinesealsorecognised the ratios of sides in a right angled triangle and some
survey poblems involving such ratios veequoted in Zhou Bi Suan Jing.
It is interesting to note that sound waves eelated to the sine curve. This discovery by
Joseph Fouriea French mathematician, is the essence of therel@ictmusical instru-

ment developments togda
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Some important values &fn@, cos6 andtang are shown in this table.

0 sinf cosf tan@
0° 0 1 0
SR T
2 2 v 3
1 1
45° —_— _— 1
V2 V2
/3 1 -
60° 22 = 3
2 2 v
90° 1 0 infinite

The graphs o6in@ and cos@ for any angle are shown in the following diagrams.

y =sné

\/

1 \ N \ \ N \ | . N [ /
—-360° —270° -180° -90° l 90°  180° 270° 360° 450° 540° 630" 720°
-1

\/

\ N\ \ IN \ \ N \ \ \
—-360° —270° —180° /~90° 90° 180° 270° 360° 450° 540° 630° 720°

The graphs are examplespafriodic functions.Each basic pattern repeats itself every
360°. We say that thperiodis 360°.

Sin 8and cos@ are often calleginusoidal functions

Note

For any angle, note that
sin(6 - 90°) = cos6.

<

The graph oftan@ has periodl80°.

It is an example of discontinuous
graph.
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The trigonometric equationsin@ = a, cos@ = b and tan@ = ¢ can have many

solutions. The inverse trigonometric keys on a calculasim™( cos™, tan™), give the
principal value solution

For sinf = aand tan@ = c, the principal value solution is in the range
-90° <6< 90°.

For cos@ = b, the principal value solution is in the ran@e< 6 < 180°.

Worked Example 1
Find cos150°, sin240°, cos315° and sin270°.

y
Solution 4
150° is in the second quadrant. P 150°
The coordinates of point P are-cos30°, sin30°). I

» X

Hence co0s150° = — cos30° = —g. ©
(Note also thatsin150° = sin30° = %.)

y

A

. . 240°
240° is in the third quadrant. f
The coordinates of point P are-cos60°, —sin60°). > X
60°
Hence sin240° = -sin60° = —g.
P

y

A
315° is in the fourth quadrant. /\
The coordinates of point P ar@os45°, —sin45°). s10 O[5, > X
Hence c0s315° = c0s45° = i.

V2
P
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270° lies on they axis. Sin270° = -1 since the /
coordinates of P are (0, —1).
27o°\,

L/
\
x

Worked Example 2
Sketch a graph ading for 0 < 6 < 360°. From the graph, deduce the values of
sin150°, sin215°, sin300°.

Solution

A sketch of the graph afin@ looks like this.

\ 215" 300°360°

|

|

|

| »

90° 150\ | =6
180° |

R

From the symmetry of the curve we can deduce that y

sin150° =Sin30°=% .
5 )

sn180° =0

N

sin215° = -sin45° = -

S

&
l\)la
e
|
w
o
<,
v
@

sin300° = -sin60° = - >
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Worked Example 3

If cos@ = —%, how many values of the angfeare possible for0 < 8 < 720°?

Find these values fof.

Solution

A graph ofcosf shows that there are four possible valuesgfor

90° 180° 270° 360° 45Q° 540° 630° 720° @

-t

Using the symmetry of the graph, the value®aire
6 =120°, 240°, 480°, 600°

The solution in the rang® < 8 <180°, 8 =120°, is called theorincipal value.

Worked Example 4

Use a calculator to solve the equatisim@ = —0.2.
Sketch the sine graph to show this solution. Give the principal value solution.
Solution

Using thesin™ key on a calculator gives
6 =sin™(-0.2) = -11.537°

A sketch of the graph ain@ shows why@ is negative.

6 = -11.537°
I o

The principal value solution is-11.537°.
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Worked Example 5

An angle@ is such thatcos@ = -0.6, sinf = -0.8 and0 <6 < 360°.
Deduce in which quadrant the angle lies,

(@)
(b)

from the graphs adin@and cos@, and
from the quadrant definition of the poirdo§8, sing).

Hence, using a calculator, find the valuefof

Solution

(@)

(b)

The following graphs show the possible solutionsffdretween0°® and 360°.

y cosf = - 0.6 y singd =-0.8
| >0 WA >
_o %» - 180" / 360 L 180 360
A B -+=-08----- D
Principal
Value

From the graphs we deduce that the valu@ ér which cosf = -0.6 and

sin@ = —0.8 must lie betweed80° and 270°, i.e. at point B on the cosine curve
and at point C on the sine curve.

y

A
From the quadrant definition of the point
(cosB, sinf) we see that the point P KR
lies in the third quadrant for which o o) > X
180° < 6 < 270°. /

P
(-0.6, —0.8)

The cos™ and sin™ keys on a calculator give the principal values

0 = cos™(-0.6) = 126.87°
0 =sin(-0.8) = -53.13°

From the graph o§in@, for point C we deduce that

6 = 180° + 53.13°
= 233.13°

From the quadrant approach we calcul@®a using the coordinates of P.

tana = % =0.75 so a =tan10.75 = 53.13°,

and hence 6 =180°+ 53.13° = 233.13°.
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Without using a calculator, apply the quadrant definition to find the values of:

(@ sin60° (b) sin210° (c) cosl35°
(d)  cos240° (e) sn315° () cos180°
(g0  cos300° (h)  sin120° ® sin495°
()] sin660° (k)  cos540° ()] c0s600°

Sketch graphs afing and cos@ for 0 < 8 < 720. Without using a calculator, use
the symmetry of the graphs to find the values ofdné& and cosé in problem 1.

Now check your answers with a calculator.

Use a calculator to find the values of the following. In each case show the ans
on sketch graphs aiin@ or cosé.

(@ sn130° (b) sin235° (c) sn310°

(d) sin400° (e) sin830° ()  sin1310°
(g) cos170° (h)  cos190° 0] c0s255°
()] cos350° (k)  cos765° 0] €0s940°

Sketch a graph ofy = sin@ for —-360° < 8 < 720°. For this domain o8, how

, . 1
many solutions are there of the equatisng = - —?

V2

Use the symmetry of the graph to deduce these solutions. What is the principa
value?

Sketch a graph ofy = cos@ for —-360° < 8 < 720°. For this domain 0B, how

: , 1
many solutions are there of the equatioosf = E’?

Use the symmetry of the graph to deduce these solutions. What is the principa
value?

Using a calculator and sketch graphs, find all the solutions of the following
equations for-360 < 8 < 360°.

(@) snB=07 (b) snB=-04 (c) snf=-1
(d) cos6=0.6 (e) cos6=-04 () cos@ =-1

Use a calculator and a sketch graphyot tanf to solve the equation for
0<6<720°.

(@ tanfd =025 (b) tan6=1 (c) tanBd=-05
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8. In each of the following problems find the valuefoin the range 0 t&60° that
satisfies both equations.

(@ cos6 =06 and snf8=-0.8

(b) cos6=-08 and sin@ =0.6

(c) sin@=-0.6428 and cosf = —0.7660 (each correctto 4 d.p.)
(d sn@=-1and cosf =0

9. Use a graphic calculator or computer software for this problem.
(@) Draw a graph ofy =sin2x for values ok between —=360° and 360°.

(b) Compare your graph witty = sinx. What is the period of the function
sin2x?

(c) Repeat parts (a) and (b) for=sin3x and y :sin%x.
(d)  Use your answers to sketch a graphyof sinax.

(e) Draw a graph ofy = 2sinx for values ok between —-360° and 360°.
What is the relationship between the graphsyct 2sinx and sinx?

(H Repeat part (e) fory = 3sinx and %sinx.

() Use your answers in parts (e) and (f) to sketch a grafgisoix.
(h)  Sketch a graph ofy = bsinax.

10. Find formulae in terms of sine or cosine for the following graphs.
@ ®

ST 4% A p
\ \ > X N A w >
J 45° 90° j 60 W 300 W
-5 —4

(d)

-
>
>
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Draw graphs of the following.
(& y=1+ cosx (b) y=3+cosx (c) y=cosx-—-2

What is the relationship between these graphs and the grapk aosx?

At a timet hours after midnight, the depth of watdrin metres, in a harbour is
given by
d = 8 + 5sin(30t)°

Draw up a table to show the depth of water in the harbour on each hour of the

The mean monthly temperature in Crapstone, Devon, in Aug§t@sand the

minimum temperature in February@®C. Assuming that the variation in
temperature is periodic satisfying a sine function, obtain a mathematical model
represent the mean monthly temperature. Use your model to predict the mean
monthly temperature in June and January.

The variation in body temperature is an example of a biological process that
repeats itself approximately every 24 hours, and is calbédadian rhythm.
Body temperature is highes2§.9°C) around 5 pm (1700 hours) and lowest

(98.3°C) around 5 am (0500 hours). LEbe the body temperature € andt be
the time in hours.

(@) Sketch a curve of the body temperature against time, using the given
information.

(b) Choosingt = 0 so that the model of temperature is a cosine function, fin
formula of the form that fits the given information.

This question is about angles betw@2rand 360°.
(@ Find thetwo solutions of the equation
cosx = 0.5
(b)  Anglep satisfies the equation
sinp =sin210°
Angle p is not equal td210°.
Find the value op.

(c) Sketch the graph ofy = 5sinx.

day.

1 a
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(d)  Angleqis shown in the diagram.
90°

180° 0°

270°

Anglesq andr are connected by the equation
tang = tanr

Copy the diagram and mark clearly the angle
(SEG)

16. (a) Sketch the graphs of = cosx® on axes similar to those below.

-90 0 90 180 270 360 450

(b)  Use your calculator to find the valuexabetween 0 and 90 for which
cosx® = 0.5.

(c) Using your graph and the answer to part (b), find two more solutions

in the range—-90 < x < 450 for which cosx® = 0.5.
(MEG)
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